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Abstract

We study economies where all commodities are indivisible at the individual
level, but perfectly divisible at the aggregate level of the economy. Under the
survival assumption, we show that any rationing equilibrium (Florig and Rivera
2005a) in the discrete economy converges to a Walras equilibrium of the limit
economy arising when the level of indivisibility becomes small. If the survival
assumption is not satisfied, then rationing equilibrium converges to a hierarchic
equilibrium (Florig 2001).
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1 Introduction

Perfect divisibility of goods, usually assumed in general equilibrium models, should
obviously be seen as an approximation of commodities with a “small” enough level
of indivisibility. Florig and Rivera (2005a) define an economy where all goods are
indivisible1 at the individual level but perfectly divisible at the entire economy. Using
a parameter called “fiat money” - whose only role is to facilitate the exchange among
individuals - and considering a regularized notion of demand, existence of a competitive
equilibrium notion called rationing equilibrium is established. Additionally, in a parallel
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1See Bobzin (1998) for a survey on indivisible goods.
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paper (Florig and Rivera (2005b)) we show that rationing equilibria satisfy First and
Second Welfare Theorem and core equivalence, with a refined notion of core due to
Konovalov (2005). It is further shown in Florig and Rivera (2005a) that a rationing
equilibrium is a Walras equilibrium if the fiat money distribution is in a generic position.

Here we analyze the behavior of the rationing equilibrium when the level of indivis-
ibility becomes small. The study of this asymptotic behavior is motivated by the fact
that (i) it will allow us to justify the Walras equilibrium with a convex consumption set
as the approximation of a competitive (rationing) equilibrium when the level of indi-
visibility is small enough and (ii) moreover it shows similarly that hierarchic equilibria
(Florig 2001, 2003a) or non standard equilibria introduced by Markulin (1990) using
non standard analysis, which exist without a survival assumption, but assuming con-
vex consumption sets, can be viewed as an approximation of a competitive (rationing)
equilibrium when the level of indivisibility is small enough. The second point has been
studied in the case of linear preferences in Florig (2003b).

The nature of the equilibrium at the limit economy will depend strongly on the
assumptions made on it. We will prove that if both the survival assumption and local
non-satiation hold true at the limit economy, which of course are common assumptions
in the standard Arrow-Debreu model (see Arrow and Debreu (1954)), then the rationing
equilibrium converges to Walras equilibrium. If the survival assumption does not hold,
then the rationing equilibrium converges to a hierarchic equilibrium. We recall that at
a hierarchic equilibrium, consumers are partitioned according to their level of wealth:
poorer consumers have not access to all the expensive commodities to which the richer
have access. Such access restrictions occur easily if the commodities are not perfectly
divisible, as we described above. So the same phenomena occur as in the case of
indivisible economies, and for the same reason only a weak version of Pareto optimality
holds. This formally confirms the interpretation of hierarchic equilibria in terms of
small indivisibilities given in Florig (2001, 2003b).

This work is organized as follows. In Section 2 we briefly describe the model devel-
oped in Florig and Rivera (2005a). In Section 3 we introduce the convergence concept
for economies and present our first main result (Propositions 3.1), which give us con-
ditions to assure that the limit equilibrium is a Walras one. In Section 4 we consider a
more general framework than in Section 3. The main result of this section is Theorem
2.1, which establishes that for a limit economy with neither the survival assumption
nor a local non-satiation hypothesis, the asymptotic equilibrium is a hierarchic one.
Proposition 3.1 is obtained as a corollary of this Theorem.

2 Model

For details, interpretation and proofs on the model we will present in this section,
we refer to Florig and Rivera (2005a). Thus, we set L ≡ {1, . . . , L}, I ≡ {1, . . . , I}
and J ≡ {1, . . . , J} to denote the finite set of commodities, the finite sets of types of
consumers and producers, respectively. We assume that each type k ∈ I, J of agents
consists of a continuum of identical individuals indexed by a set Tk ⊂ IR of finite
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Lebesgue measure2. We set I = ∪i∈ITi and J = ∪j∈JTj. Of course, Tk ∩ Tk′ = ∅ if
k 6= k′. Given t ∈ I (J ), let

i(t) ∈ I (j(t) ∈ J)

be the index such that t ∈ Ti(t) (t ∈ Tj(t)).

Each firm of type j ∈ J is characterized by a finite production set3 Yj ⊂ IRL and
the aggregate production set of firms of type j ∈ J is the convex hull of L(Tj)Yj, which
is denoted by co [L(Tj)Yj].

Every consumer of type i ∈ I is characterized by a finite consumption set Xi ⊂ RL,
an initial endowment ei ∈ IRL and a strict preference correspondence Pi : Xi → Xi.
Let e =

∑
i∈I L(Ti)ei be the aggregate initial endowment of the economy and for (i, j) ∈

I × J , θij ≥ 0 is the share of type i ∈ I consumers in type j ∈ J firms. For all j ∈ J ,
assume that

∑
i∈I L(Ti)θij = 1.

The initial endowment of fiat money for an individual t ∈ I is defined by m(t),
where m : I → IR+ is a Lebesgue-measurable and bounded mapping.

Given all the above, an economy E is a collection

E =
(
(Xi, Pi, ei, m)i∈I , (Yj)j∈J , (θij)(i,j)∈I×J

)
,

an allocation (or consumption plan) is an element of

X =
{
x ∈ L1(I,∪i∈IXi) |xt ∈ Xi(t) for a.e. t ∈ I

}
,

a production plan is an element of

Y =
{
y ∈ L1(J ,∪j∈JYj) | yt ∈ Yj(t) for a.e. t ∈ J

}
,

and the feasible consumption-production plans are elements of

A(E) =
{
(x, y) ∈ X × Y |

∫
I
xt =

∫
J

yt + e
}

.

In the rationing equilibrium definition below we will employ pointed cones in IRL,
which is the set of convex cones C ⊆ IRL such that K ∈ C if and only if−K∩K = {0IRL}.

Given p ∈ IRL
+, let us define the supply and profit of a type j ∈ J firm as

Sj(p) = argmaxy∈Yj
p · y πj(p) = L(Tj)supy∈Yj

p · y

and given additionally K ∈ C we define the rationing supply (in the following simply
supply) for a firm t ∈ J by

σt(p, K) = {y ∈ Sj(t)(p) | (Yj(t) − y) ∩ p⊥ ⊂ −K}.
2Without loss of generality we may assume that Tk is a compact interval of IR. In the following,

we note by L(Tk) the Lebesgue measure of set Tk ⊆ IR. Finally, we denote by L1(A,B) the Lebesgue
integrable functions from A ⊂ IR to B ⊂ IRL.

3That is, the number of admissible production plans for the firm is finite.
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For prices (p, q) ∈ IRL × IR+, we denote the budget set of a consumer t ∈ I by

Bt(p, q) =
{
x ∈ Xi(t) | p · x ≤ wt(p, q)

}
where wt(p, q) = p·ei(t)+qm(t)+

∑
j∈J θi(t)jπj(p)

is the wealth of individual t ∈ I. The set of maximal elements for the preference relation
in the budget set for consumer t ∈ I is denoted by dt(p, q) and given that, we define
the weak demand at the respective prices as

Dt(p, q) = lim sup
(p′,q′)→(p,q)

dt(p
′, q′).

Previous concept is used to define our notion of demand, which for a cone K ∈ C
and prices (p, q) ∈ IRL × IR+ is defined as

δt(p, q, K) = {x ∈ Dt(p, q) | (Pt(x)− x) ∩ p⊥ ⊂ K}.

Remark 2.1 In Florig and Rivera (2005a) it is proven that if qmt > 0 then

Dt(p, q) = {x ∈ Bt(p, q) | p · Pi(t)(x) ≥ wt(p, q), x 6∈ coPi(t)(x)}.

With the previous concepts, we can now define our equilibrium notions.

Definition 2.1 Let (x, y, p, q) ∈ A(E)× IRL × IR+ and K ∈ C.

We call (x, y, p, q) a Walras equilibrium with money of E if for a.e. t ∈ I, xt ∈ dt(p, q)
and for a.e. t ∈ J , yt ∈ Sj(t)(p).

We call (x, y, p, q, K) a rationing equilibrium of E if for a.e. t ∈ I, xt ∈ δt(p, q, K)
and for a.e. t ∈ J , yt ∈ σt(p, K).

We call (x, y, p, q) a rationing equilibrium of E if for a.e. t ∈ I, xt ∈ Dt(p, q) and
for a.e. t ∈ J , yt ∈ Sj(t)(p).

Remark 2.2

a.- Note that every Walras equilibrium is a rationing equilibrium and a rationing
equilibrium is a weak equilibrium.

b.- In general, it is well known that Walras equilibrium fails to exists when goods
are indivisible. Mathematically this cames from the fact that the correspondence
di is not necessarily upper semi continuous with respect to (p, q), which oblige us
to define a regularized notion of it, Di.

c.- Weak equilibrium is an auxiliary equilibrium concept which is crucial building
block for the existence proof of the rationing equilibrium. We will establish our
main results for weak equilibria, which off course implies that they hold true
for rationing equilibria (and Walras equilibria when they exist in the discrete
economy). For more details see Florig and Rivera (2005a).

The following proposition is proven in Florig and Rivera (2005a).
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Theorem 2.1 If for all i ∈ I, Pi is irreflexive and transitive and under

Assumption S. For all i ∈ I,

0 ∈ int(Xi − {ei} −
∑
j∈J

θijL(Tj)Yj).

then there exists a weak equilibrium with q > 0. Moreover if mi > 0 for all i ∈ I, there
exists a rationing equilibrium with q > 0.

3 Convergence: the simple case

In this section we consider what we call the simple case, which is when the limit
economy fulfill the standard survival assumptions.

We begin defining formally what we understand as convergence of economies (which
is also valid for the general case in next Section). To do so, we employ the Kuratowski-
Painlevé notion of set convergence (we refers to Rockafellar and Wets (1998) for details
on this concept).

Given a sequence of sets {Zk} ⊂ IRm, we recall that the upper limit of this sequence
is defined as the set

lim sup
k→∞

Zk := {x ∈ IR` | ∃ xk′ → x, xk′ ∈ Zk′}

whereas the its lower limit is defined as

lim inf
k→∞

Zk := {x ∈ IR` | ∀ k ∈ IN ∃ xk ∈ Zk, xk → x}.

Given that, we say that the family of sets {Zk} ⊂ IRm converges in the sense of
Kuratowski-Painlevé to a set Z ⊂ IRm if

lim sup
k→∞

Zk = lim inf
k→∞

Zk = Z.

Definition 3.1

a.- We say that a sequence n = (n1, · · · , nL) ⊂ INL converges to +∞, if for all h ∈ L,
nh converges to +∞.

b.- For every n = (n1, . . . nL) ∈ INL, let

Mn = {z ∈ IRL | (n1z1, . . . , nLzL) ∈ ZL}.

We recall that, according to previous definitions, it is easy to check that Mn con-
verges in the sense of Kuratowski-Painlevé to IRL.

Thus, given the economy
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E = ((Xi, Pi, ωi, mi)i∈I , (Yj)j∈J , (θij)(ij)∈I×J),

for n ∈ INL and Mn as above, let us consider the following definition of a sequence of
economies that approximate E .

Definition 3.2 A sequence of discreet economies that approximate E is defined as

En = ((Xn
i , Pi, ωi, mi)i∈I , (Y

n
j )j∈J , (θij)(ij)∈I×J)

where for every i ∈ I and j ∈ J

Xn
i = Xi ∩Mn, Y n

j = Yj ∩Mn

and for every n ∈ INL, Mn contains all of the extremal points of polyhedra4 Xi and Yj

for each i ∈ I and j ∈ J .

We denote the weak supply, budget and weak demand in the economy En by
Sn

j , Bn
i , Dn

i respectively.

To prove the main result of this section, we need following assumptions.

Assumption C. For all i ∈ I, Xi is a compact, convex polyhedron, Pi : Xi → 2Xi is
irreflexive, transitive and has an open graph in Xi ×Xi.

Assumption P. For every j ∈ J , Yj is a compact, convex polyhedron.

Assumption SS. For all i ∈ I,

0 ∈ int(Xi − {ei} −
∑
j∈J

θijL(Tj)Yj).

Assumption M. For a.e. t ∈ Ti,

m(t) = mi > 0.

Proposition 3.1 Suppose E satisfies Assumptions C, P, SS, M and let En be a se-
quence of economies that approximate E. Let (xn, yn, pn, qn) be a weak equilibrium of
En with qn > 0 and such that (pn, qn) → (p, q), for a.e. t ∈ I, xt ∈ clxn

t and for a.e.
t ∈ J , yt ∈ clyn

t . Then (x, y, p, q) is a Walras equilibrium with fiat money for E and if
for a.e. t ∈ I, xt ∈ clPi(t)(xt) (local non-satiation holds at xt) then (x, y, p) is a Walras
equilibrium for E.

Proof. This proposition comes directly from Theorem 2.1 considering that if Assump-
tion SS holds then a hierarchic equilibrium is a Walras equilibrium with fiat money
and a Walras equilibrium if local non satiation is satisfied (cf Florig (2001)). 2

4We have not checked weather this condition is actually needed, but it simplifies the proof.
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Remark 3.1 In previous proposition, survival assumption SS plays an important role
in establishing the convergence to a Walras equilibrium. However, although this hy-
pothesis is widely used in economic theory to prove existence, it is utterly unrealistic
because it states that every consumer is initially endowed with a strictly positive quan-
tity of every existing commodity. Typically, most consumers have a single commodity
to sell - their labor. In fact, it implies that all agents have the same level of income
at equilibrium in the sense that they have all access to the same commodities. In next
section we replace this hypothesis by a more realistic assumptions, i.e. we will assume
that every consumer could decide not to exchange anything. We will not assume how-
ever that he could survive for very long without exchanging anything. In such a case
the limit allocation will not necessarily be a Walras equilibrium. It will be a hierarchic
equilibrium, which is a competitive equilibrium with a segmentation of individuals ac-
cording to their level of wealth. In the particular case that this segmentation consists
in just one group, the hierarchic equilibrium reduces to a Walras equilibrium.

4 The general case

Following Florig (2001), we will now introduce the notion of hierarchic equilibrium5.
Let ĪR = (IR ∪ {+∞}). For any n ∈ N , let � be the lexicographic order6 on IRn.
Extrema will be taken with respect to the lexicographic order. We adopt the convention
0(+∞) = 0.

Definition 4.1 A finite ordered family P = {p1, . . . , pk} of vectors of IRL is called a
hierarchic price.

Remark 4.1 If k = 1, this reduces to the standard case. We denote by HP the set of
hierarchic prices. The number k is determined at the equilibrium. We will see that k
never needs to be greater than L.7

For P ∈ HP and x ∈ IRL, we define the value of x to be

Px = (p1 · x, . . . , pk · x) ∈ IRk.

The supply of firm j ∈ J at the price P is

Sj(P) = {y ∈ Yj | ∀z ∈ Yj, Pz � Py}.

Given a hierarchic price, firms are thus assumed to maximize the profit lexicographi-
cally. The aggregate profit of firms of type j ∈ J is

πj(P) = L(Tj)supy∈Yj
Py.

5Marakulin (1990) introduced a similar notion for exchange economies, using non-standard analysis.
6For (s, t) ∈ IRn × IRn, s � t, if sr > tr, r ∈ {1, . . . , n} implies that ∃ρ ∈ {1, . . . , r − 1} such that

sρ < tρ. We write s ≺ t if s � t, but not [t � s].
7 The forthcoming definitions will depend for any r ∈ {2, . . . , k} only on the non-zero part of pr

which is orthogonal to p1, . . . , pr−1. Therefore by an inductive argument we can always transform a
hierarchic price into an equivalent one consisting of two by two orthogonal vectors (thus of at most
L).
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A hierarchic revenue is a vector w ∈ IRk. For all t ∈ I, all P ∈ HP , all w ∈ IRk let

rt(P , w) = min {r ∈ {1, . . . , k} | ∃x ∈ Xi(t), (p
1 · x, . . . , pr · x) ≺ (w1, . . . , wr)},

vt(P , w) = (w1, . . . , wrt(P,w), +∞, . . . , +∞) ∈ ĪR
k
.

The budget set of consumer t, with respect to P ∈ HP and w ∈ IRk will be

Bt(P , w) = {x ∈ Xi(t) | Px � vt(P , w)}.

Definition 4.2 8 A collection (x, y,P ,Q) ∈ A(E) × HP × ∪L
k=1IR

k
+ is a hierarchic

equilibrium of the economy E if:

(i) for a.e. t ∈ I, xt ∈ Bt(P , wt) and Pt(xt) ∩Bt(P , wt) = ∅;
(ii) for all t ∈ I, Pei(t) +

∑
j∈J θi(t)jπj(P) + Qmt = wt;

(iii) for a.e. t ∈ J , yt ∈ St(P).

Now we are conditions to prove the main theorem of this paper, which as we men-
tioned, is a generalization of Proposition 3.1.

Theorem 4.1 Suppose E satisfies Assumptions C, P, S, M. Consider a sequence n ⊂
INL converging to ∞ such that for all n, for all i ∈ I, Xi = co(Xi ∩ Mn) and for all
j ∈ J , Yj = co(Yj ∩Mn).

Let (xn, yn, pn, qn) be a weak equilibrium of En with qn > 0. Then, there exists
a hierarchic equilibrium (x, y,P ,Q) with P = {p1, . . . , pk}, Q = (q1, . . . , qk) and a
subsequence such that:

• For a.e. t ∈ I and a.e. t′ ∈ J ,9

xt ∈ cl{xn
t } and yt′ ∈ cl{yn

t′};

• pn =
∑k

r=1 εn
r p

r, with εn
r+1 = εn

r o(ε
n
r ) > 010 and limn→+∞ εn

1 = 1;

• wi = Pei(t) +
∑

j∈J θijπj(P) + {q1, . . . , qk}mt with q1 = . . . , qk−1 = 0 and qk ≥ 0.

Proof Let (xn, yn, pn, qn) be a weak equilibrium of En with qn > 0. Without loss
of generality assume that qn = (1− ‖ pn ‖) > 0. For all i ∈ I, j ∈ J note x̄n =∫
Ti

xn
i /L(Ti) and ȳn =

∫
Tj

yn
j /L(Tj) the average consumption and production plans per

type at xn, yn respectively. We note

βi(p) = {x ∈ Xi | p · x ≤ p · ωi + (1− ‖p‖)mi +
∑
j∈j

θijπj(p)}.

As in Florig (2001, 2003a), we can extract a subsequence such that

8If we note Li the linear space of the positive hull generated by consumer i’s net trade set and
ci the codimension of Li, then we may reduce any hierarchic price into an equivalent one with k ≤
1 + mini∈Ici. Indeed, either 0 is an equilibrium price or we may assume the prices two by two
orthogonal and all non-zero (cf. Footnote 7). The rank of consumer i is smaller than or equal to the
index of the first vector which is not orthogonal to Li. The prices of a higher index are irrelevant to
this consumer.

9We note cl Z for the closure of Z.
10Let o : IR+ → IR+ such that o(0) = 0 and o is continuous in 0.
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• pn =
∑k

r=1 εn
r p

r, with εn
r+1 = εn

r o(ε
n
r ) > 0 for r ∈ {1, . . . , k− 1}, and limn→∞ εn

1 =
1. Let P = {p1, . . . , pk};

• for all r < k, qn

εn
r

converges to 0 and qn

εn
k

converges in IR+;

• for all large enough n, for all j ∈ J , coSn
j (pn) = Sj(P) and thus ȳn

j ∈ Sj(P) and
ȳj ∈ Sj(P);

• for a.e. t ∈ I, βt(p
n) converges to Bt(P , wt).

For the last two points, we use the fact that for all n, for all j ∈ J , coY n
j = Yj and

for all i ∈ I, coXn
i = Xi, in order to apply the arguments from Florig (2001, 2003a).

Since the consumption sets are compact and for all n, (xn, yn) ∈ A(En), there
exists by Fatou’s lemma (Arstein (1979)) (x, y) ∈ A(E) such that for a.e. t ∈ I and
a.e. t′ ∈ J ,

xt ∈ cl{xn
t } and yt′ ∈ cl{yn

t′}.

Thus, by the second point above for a.e. t ∈ J , yt ∈ Sj(t)(P). Obviously, for a.e.
t ∈ I, xt ∈ limn→∞ Bn

i(t)(p
n, qn). Moreover, limn→∞ Bn

i(t)(p
n, qn) ⊂ Bi(t)(P , wt).

It remains to be proven that for a.e. t ∈ I, Pi(t)(xt) ∩ Bi(t)(P , wt) = ∅. We will
proceed by contraposition. Let N be the negligible subset of I containing all t ∈ I
such that either for some n, xn

t 6∈ Dn
i(t)(p

n, qn) or such that xt 6∈ cl{xn
t }. This set is

negligible since it is a countable union of negligible sets. Let t ∈ I \N such that there
exists ξt ∈ Pi(t)(xt) ∩ Bi(t)(P , wt). If the budget set is reduced to a single point then
xt = ξt. Thus the budget set has a non-empty interior in some facet F of Xi(t). By the
continuity of Pi(t), we may assume that ξt ∈ intF (F ∩ Bi(t)(P , wt)) and since F ∩Mn

converges to F , we may assume for all large n, ξt ∈ Mn ∩ Xi(t). If F ⊂ Bi(t)(P , wt),
then since for all n, intXi(t)

βt(p
n) 6= ∅, we have for all large n,

pn · ξt < wn
t = pn · ei(t) + (1− ‖pn‖)mi(t) +

∑
j∈j

θi(t)jπj(p
n).

If F 6⊂ Bi(t)(P , wt), there exists ξ′t ∈ intF (F ∩ Bi(t)(P , wt)) such that Pξt ≺ Pξ′t.
Therefore for all large n, pn · ξt < pn · ξ′t and then we have again for all large enough
n, pn · ξt < wn

t . By the continuity of Pi(t), if pn · ξt < wn
t for a subsequence, we have

ξt ∈ Pi(t)(x
n
t ) for this subsequence. Thus xn

t 6∈ Dn
i(t)(p

n, qn), a contradiction. 2
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